Abstract. We show that a right artinian ring R is right self-injective if and only if ψ(M ) = 0 (or equivalently φ(M ) = 0) for all finitely generated right R-modules M , where ψ, φ : mod R → N are functions defined by Igusa and Todorov. In particular, an artin algebra Λ is self-injective if and only if φ(M ) = 0 for all finitely generated right Λ-modules M .
In their paper [2] , Igusa and Todorov introduce two functions φ and ψ in order to show that the finitistic dimension of an artin algebra with representation dimension at most three is finite. It turns out that these invariants also characterise self-injective right artinian rings. We start by recalling the definitions of φ and ψ. In what follows, R is a right artinian ring and mod R is the category of finitely generated right R-modules.
Let K be the free abelian group generated by all symbols [M ] with M ∈ mod R modulo the subgroup generated by:
[P ] if P is projective. Then K is the free abelian group generated by all isomorphism classes of finitely generated indecomposable non projective R-modules. The syzygy functor Ω then gives rise to a group homomorphism Ω : K → K. For any M ∈ mod R, let M denote the subgroup of K generated by all the indecomposable non projective summands of M . Since the rank of Ω( M ) is less or equal to the rank of M which is finite, it follows from the well ordering principle that there exists a non-negative integer n such that the rank of Ω n ( M ) is equal to the rank of Ω i ( M ) for all i ≥ n. We let φ(M ) denote the least such n.
The main properties of φ are summarized below.
The function ψ : mod R → N is then defined as follows. For any M ∈ mod R, ψ(M ) = φ(M ) + max{pd X|X is a summand of Ω φ(M) M and pd X < ∞}. 
We introduce the natural concepts of φ-dimension and ψ-dimension for a right artinian ring R.
Another invariant for R is its finitistic dimension, fin.dim(R), defined as the supremum of the projective dimensions of the finitely generated right R-modules of finite projective dimension (see [3] ). It follows from Lemma 1(a) and Lemma 2(a) that if φ dimR or ψ dimR is finite, then the finitistic dimension of R is also finite.
Recall that a right artinian ring R is right self-injective if the module R R is injective. Note that every indecomposable module over a right self-injective right artinian ring is either projective or has infinite projective dimension. However, this property does not characterize right self-injective rings.
Example 4. Consider Λ the bound quiver algebra kQ/J 2 where k is a field, J is the ideal of KQ generated by the arrows and Q is given by
In this case, the projective dimension of each finitely generated right Λ-module is either zero or infinite. Therefore the finitistic dimension of R is equal to zero. However, ψ dim(Λ) = φ dim(Λ) = φ(S 1 ⊕ S n ) = n − 1 where S 1 and S n denote the simple modules at the vertices 1 and n respectively. Note that Λ is not self-injective since the indecomposable projective at the vertex n is not injective.
For any right artinian ring R, we have fin.dim(R) ≤ φ dim(R) ≤ gl.dim(R), where gl.dim(R) denotes the global dimension of R. As the example above shows, these inequalities can be strict. We can now state and prove our main result. We will now prove that (a) and (c) are equivalent. Assume that φ dim(R) = 0. We start by showing that each indecomposable projective has simple socle. Let P be an indecomposable projective module and assume that P has two nonisomorphic simples S 1 and S 2 in its socle. This yields the short exact sequences:
with M 1 , M 2 , M 3 nonisomorphic indecomposable (since they have simple top) modules. But then the rank of
Assume now that P has two isomorphic simples S in its socle. This yields the short exact sequences:
with M 1 and M 2 nonisomorphic indecomposable (since they have simple top) modules. The rank of M 1 ⊕ M 2 is 2 while the rank of Ω(
Thus each indecomposable projective module has simple socle.
Given an indecomposable projective P ∈ mod R, let I be its injective hull. Since P has simple socle, I must be indecomposable. Note that since R is right artinian, I is not necessarily finitely generated. We will show that P is injective. If not, we have the following commutative diagram
where C = 0, S is a simple R-module lying in the socle of C, and the upper sequence is obtained by lifting the monomorphism S → C. Note that since P and S are finitely generated, so is U . Moreover, the map U → I is a monomorphism and hence U is indecomposable since it has simple socle. This implies that S is not projective, and that a fortiori neither is U since otherwise we would have pd S = 1 = φ(S), a contradiction. Let P (S) be the projective cover of S. We have the following commutative diagram 0 0 0
where the isomorphism follows from the snake lemma. In K, we have [
. Therefore, since U and S are indecomposable, we have Ω( U ) = Ω( S ), so that Ω( U ⊕ S ) = Ω( U ) + Ω( S ) = Ω( S ). Now S is not a summand of U and neither of them are projective hence we have rk U ⊕ S > rk S = rk Ω( S ) = rk Ω( U ⊕ S ) where the first equality follows from the hypothesis that φ dim(R) = 0. Thus φ(U ⊕ S) > 0, a contradiction. Hence P is injective. Since this holds for every indecomposable R-projective P , R is right self-injective.
Assume now that R is right self-injective and let M ∈ mod R. Since we wish to compute φ(M ), we can assume that all summands of M are non projective. Hence for each summand
Indeed, if we consider the n-th sysygy of M 1 and M 2 , we have
where the P i 's and the Q i 's are projective and hence injective R-modules. The given resolutions are then injective resolutions. Consequently if
But then rk M = rk Ω i ( M ) for each i ≥ 0, implying that φ(M ) = 0. Since this holds for all M ∈ mod R, we showed that φ dim(Λ) = 0.
Recall that a ring R is self-injective if R R and R R are injective left and right R-modules respectively. Using the duality of an artin algebra and the fact that the number of isomorphism classes of indecomposable projective and indecomposable injective modules are the same, the following corollary is immediate.
Corollary 6. Let Λ be an artin algebra. Then Λ is self-injective if and only if φ dim(Λ) = 0.
